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Assessment Fourier coefficients

of a function of class L(p,a)
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Abstract

In this paper, we’ll give a necessary and sufficient condition that a function
f(x)= z a, cosnx, where coefficient a ,(n=1,2,...) are quasi-monotone, to be
n=1

of class L(p,o).
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1 Introduction

The studying of order of decrease of Fourier coefficients of a function
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180 Assessment Fourier coefficients of a function of class L(p,)

belonging to different subclasses of class L, (p=1) represents one of the

fundamental issues of Fourier theory. This paper deals with the Fourier
coefficients (@, 40 and quasi-monotone) of a function of class L(p,a), where

I<p<owo, —l<ap<p-1.

2 Preliminary Notes

That’s why, first of all, we’ll represent the main statements needed for
representation of the results of this paper.
Definition 2.1 A sequence {b, }is quasi-monotone if b, >0, and n"*b, 10

for some t>0.

Definition 2.2 Let 1< p<o, we say that function f with period 27 isin

class Lp if

2z %J
£, :{j| f(x)[° dx} <o
0

So

1

27 A)
Lp = f(x)/Hf(x)Hp —{ﬂf(x)pdx} <o

0

Definition 2.3 A function f(x) issaid to belong totheclass L(p,a), if:

z Jo
||f||p,a ={f|f(x)lp(sin x)“ dx} <o
0

where 1< p<w, —l<ap<p-1.

So

x A
L(p,a)z{f(x)/||f||p’a:{J'|f(x)|p(sinx)“pdx} <o }
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The following affirmation gives necessary condition receptively adequate

that is necessary to complete Fourier coefficients in order that function belongs to

class L, (L(p,a)).

P

Theorem 2.4 (Hausdorff-Young) [2, p. 211] Let 1<p<2 and q-= o1

(2 £qg < o). The following estimate holds true

DIf fely and {cn}oo are Fourier coefficients of function, then
N=-—o0

1

0 q
S| " cani,

nj=0

2) If {cn }:ozo_oo is sequence of numbers such that

<. |P
Z‘Cn‘ <0
In|=0
then there exists function f e Lq with Fourier coefficients {c ,} the inequality

1
I], < A'<q>{ \cn\p}
n=0

holds true.

Theorem 2.5 ( Hardy- Littlewood ) [2, p. 657] The necessary and sufficient

condition that Zan cosnx a,¥0 be the Fourier series of a function
n=1

f eLy, p>1 isthattheseries » aPnP? <+oo .

n=l1

p’

Theorem 2.6 [3] The necessary and sufficient condition that the Zan cos Nx

n=1

where {a,}is positive and quasi-monoton be Fourier series of a function
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f elL(p,a),where 1<p<ow, —l<ap< p-1 isthatthe series

3 a )’nP*? <40
(a,)
=1

n

In [1] given the following theorem concerning the Fourier coefficients of a

function belonging to L, class.

Theorem 2.7[1] Let f eL, ( p=1), function given with Fourier series
f(x)=> a,cosnx a, +0
n=1

Then

S, S, S
1727377

are also Fourier coefficients of a function of class L, where S = iak :
k=1
As you can see from Theorem 2.7 the connection is becoming between
coefficients {an} and {An}z{%ian},where a0 A Jo.
k=1
A question is settled down if the coefficients {a,} are quasi-monoton will the

coefficients {An}={12an} be quasi-monoton. A following lemma gives the
nia

positive answer to this question.

Lemma 2.8 [4] If {a,} is positive and quasi-monoton, then {An}z {lZak}

is also positive and quasi-monoton.
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3 Main Results

The purpose of this paper is to reformulate the Theorem 4. in case when

function f(x)e L(p,a) and appropriate coefficients are quasi-monoton.
Theorem 3.1 Let f(x)eL(p,a) (1<p<ow, —1<oap<p-1), function given
with Fourier series

f(x) :z:an cosnx,
n=l1

where {a,} is positive and quasi-monoton. Then series

i A, cosnx
n=1

1 n
where {An} ={— Zak}, will be Fourier series of a function F(x)of class

L(p,a).
Proof: Let f(X)elL(p,a) (1<p<w, —l<ap<p-1, function given with

Fourier series
f(x)=>a,cosnx,
n=1

where {a,} is positive and quasi-monoton.

Since {an} is positive and quasi-monoton and due to Lemma 2.8

1 n
{An} = o 2. ay
k=1
is positive and quasi-monoton. To proof theorem we have to show that

o0

(A,)’n"2 < 4o | then by Theorem 2.6 follows that series D A coshx is
=1

n n=1

Fourier series of a function F(X) ofclass L(p,«).
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Let
fl(x)=jf(x)dx and fz(x)zj f, (x)dx
0 0
Then
f,(x)= Zak 1—coskx]- z [1-coskx]k ™
k=1 k=1
for
T _<x< ™
4(n+1) 4n
we have

f,()=B,-n?-> a =B n'A
k=1
for same constant B,. So A <B-n-f,(x) forsame constant B.

Thus:

inp—ap—Z[A]]P < B,inp—ap—Z . np[fz(X)] p_

:B-Z:n“’""p’2 min  [f,(x)]° <

4(n+1)— —4n

i (sin x)*~° [f (X)} dx =

4 /4

_8. [ i ® [ 1,00 de < Bl p)- J(sinn ™ - 1,00 o

/4

<B(a, p)- [(sinx)® - (F(x))"dx < o0

A similar method may be used to estimate
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T

j(sm X)% - (£ (%)) dx < oo

/4
So
D nPP2[An]P <oo,
n=l1
This finishes the proof of Theorem 3.1. O

The question appears: Is the converse valuable of Theorem 2.7 and 3.1 if the

series ZAn cosnx 1is Fourier series, will Fourier series be Zan cosnx . From
n=1 n=1

the following example it is proved that the converse of Theorem 2.7 and 3.1

doesn’t worth.

Example 3.2 Let

0 0 1
Z A, cosnx = Z—(—l)” cos NX
n=1 n= N

We have

=D"

1 l .
y P_is/d "IP (& 1)
|:;|An|p:| :[;H ] :{;n—p} < 00, I<p<2.

Hence by the theoreml.(Hausdorf-Young), A, is the Fourier coefficients of a

function F(x)eL,, where l+l=1, 1<p<2,q922.
P q

Now, if Z a, cos nx Fourier series of a functione f(x)elL, , then we have
n=1

1
by Theorem 2.4 (Hausdorf — Young) necessarily (Z|an |q]q <o , where
n=1

l+l:1,1<p£2,q22.
P q
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1 n
But A, =Hzak zl(—l)” so follow
n

k=1

Sn :iak :(_l)n ’
a,=S,-S,,=(-D"==D"==D"(-1-)=2-(-1"

1 1 X

@an |‘*jq =(i|2(—1)“ @q _3 (2 =Y 2=,

Therefore Z a, cosnx = Z 2-(=1)"cosnx is not the Fourier series of a function

n=1 n=1

f(x)elL,.

So the question is settled down. What conditions of coefficients a, will be

fulfilled in order that converse is valuable. A following theorem gives answer to

the question.
Theorem 3.3 Let
f(x)ziancosnx,
nel
where {a }is positive and quasi-monoton. Then a necessary and sufficient
condition that ian cosnx be the Fourier series of function f(x)e L(p,a) is

n=l1

that:

iﬁcosnx

nel
to be the Fourier series of a function F(x)be belonging to L(p,a) where
I<p<ow, —l<ap<p-1 and A]zﬁkzn;ak.

Proof: The necessary part follows from Theorem 3.1 as a particular case.
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Sufficiency. Suppose that series ZAn cosnx is Fourier series of a function

n=1

F(x) eL(p,a). Since {a }is positive and quasi-monoton, then by Lemma 2.8

follows {A,} is positive and quasi-monoton. Hence by Theorem 2.6 we have

inp—ap—zAnp <o
n=l1

Since sequence {a,}is positive and quasi-monoton then for some constant 7 >0,

sequence N~‘a, ¥ 0, and fore some constant B, >0we have n"a,<Bk"a, for

k <n , then it follows that

N nNia B, n k=1
_ 1 -7 T
———n"a, -nn" =—a,
Bl n 1
a, <B, - A

So that

D> nP®2aP <(B)" > n"PEAP <o,
n=1 k=1

Hence by Theorem 2.6 f(x)eL(p,a) and consequently Zan cosnx is the

n=l1

Fourier series of function f(X). 0
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